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In this paper, we consider the rings over which the class of finitely
generated strongly Gorenstein projective modules is closed under ex-
tensions (called fs-closed rings). We give a characterization about the
Grothendieck groups of the category of the finitely generated strongly
Gorenstein projective R-modules and the category of the finitely gener-
ated R-modules with finite strongly Gorenstein projective dimensions
for any left Noetherian fs-closed ring R.
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1. INTRODUCTION

Throughout this note, all rings are associative with a unit 1 # 0 and all
modules are unitary.
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Recall that an R-module M is said to be Gorenstein projective if there
is an exact sequence

P —-Py—> PP ...

of projective modules with M = Ker(P? — P!) such that the sequence re-
mains exact when Hom/(—, P) is applied to it for any projective R-module P.
Such exact sequence is called a complete projective resolution. Gorenstein
projective modules were introduced by Enochs and Jenda in [4]. An R-
module M is said to be strongly Gorenstein projective if there is a complete
projective resolution of the form

fPfPfPf

such that M = Ker(f), see [2, Definition 2.2]. It is clear that any pro-
jective module is strongly Gorenstein projective, and any strongly Goren-
stein projective module is Gorenstein projective. Conversely, the Gorenstein
projective module is not necessarily strongly Gorenstein projective [2, Ex-
ample 2.13], and the strongly Gorenstein projective module is not neces-
sarily projective [2, Example 2.5]. It was proved in [2, Theorem 2.7] that
a module is Gorenstein projective if and only if it is a direct summand
of a strongly Gorenstein projective module. In [4], Enochs and Jenda de-
fined a homological dimension, namely the Gorenstein projective dimension,
Gpdgr(—), for any R-module. Similarly, we can define the strongly Goren-
stein projective dimension, SGpdgr(—), for any R-modules. It is clear that
Gpdr(M) < SGpdr(M) < pdr(M) for any R-module M. In [6] the concept
of Gorenstein flat modules was introduced and in [2] so was the concept of
strongly Gorenstein flat modules. It is well-known that the above originated
from Auslander and Bridger’s ideas; see [1], since, reference [1] and [6] are
not directly mentioned in the paper.

For any ring R, two finitely generated projective left R-modules A, B are
stably isomorphic if A®nR =2 B®&nR for some positive integer n. We denote
by [A] the stable isomorphism class of A, and by Ko(R)™ the set of all stable
isomorphism classes on P(R), where P(R) means the category of all finitely
generated projective left R-modules. The set Ko(R)', endowed with the
operation [A]+[B] = [A® B], is a monoid with zero element [0]. By formally
adjoining additive inverses for the elements of Ko(R)", we embed Ko(R)" in
an abelian group, the Grothendieck group of R, denoted by Ky(R). Every



Ky AND RINGS 263

element of Ko(R) has the form [A] — [B] for suitable A, B € P(R) [7].
There are other definitions of Ky(R) , for instance, see [11, Definition 1.1.5,
or Definition 3.1.6] and [3, Definiton 3.7.1]. In Section 2, we consider the
rings over which the class of finitely generated strongly Gorenstein projective
modules is closed under extensions (called fs-closed). In Section 3, we give
a characterization about the Grothendieck groups of the category of the
finitely generated strongly Gorenstein projective R-modules and category of
finitely generated left R-modules with finite strongly Gorenstein projective
dimensions for any left Noetherian fs-closed ring R.

In this paper, by M(R) we denote the category of all finitely gener-
ated left R-modules, and by P(R) and SGP(R) we denote the category of
all finitely generated projective R-modules and finitely generated strongly
Gorenstein projective R-modules respectively. We let P(R) and SGP(R)
denote the category of the finitely generated left R-modules with finite pro-
jective dimensions and with finite strongly Gorenstein projective dimensions
respectively.

2. RINGS OVER WHICH THE CLASS OF FINITELY GENERATED STRONGLY
GORENSTEIN PROJECTIVE MODULES IS CLOSED UNDER EXTENSIONS

Recall that a class X is closed under extensions if for every short exact
sequence 0 — G7 — G — G3 — 0 with G7; € X and G3 € X, then
G2 € X, and X is projectively resolving if all projective modules are in X
and for every short exact sequence 0 — G; — Go — G3 — 0 with G € X
the condition G; € X and Gy € X are equivalent. It is well-known that
the class of all Gorenstein projective R-modules is projectively resolving [8,
Theorem 2.5]. But for the class of strongly Gorenstein projective R-modules
it is not true, see [13, P2660].

Definition 2.1 — For any ring R, we call it fs-closed, if the class of the
finitely generated strongly Gorenstein projective R-modules is closed under

extensions.

For any left Noetherian ring R, we have the following characterizations
of fs-closed rings:
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Theorem 2.2 — The following conditions are equivalent:
(1) R is fs-closed.

(2) The class of the finitely generated strongly Gorenstein projective R-
modules is resolving, i.e., for every short exact sequence 0 — G1 — Gy —
Gs — 0 with G3 € SGP(R) the condition G1 € SGP(R) and Gy € SGP(R)
are equivalent.

(8) For any short exact sequence of left R-modules 0 — G1 — Gy —
M — 0, where G, and Gq are finitely generated strongly Gorenstein projec-
tive, if Ext}%(M, P) =0 for any projective R-module P, then M is strongly
Gorenstein projective.

PROOF : (1) = (2). Let 0 = A — B — C — 0 be an exact sequence of
finitely generated left R-modules, where B and C are strongly Gorenstein
projective, it is sufficient to prove that A is strongly Gorenstein projective.
Since C' is strongly Gorenstein projective, by [2, Proposition 2.9] there is
an exact sequence of left R-modules 0 — C — P — C — 0, where P is
projective. Consider the following pullback diagram:

0 0
C=—=C
0 A D P 0
0 A B C 0
0 0

Since C' and B are strongly Gorenstein projective, by (1), D is strongly
Gorenstein projective. By [13, Theorem 2.1], A is strongly Gorenstein pro-
jective.

(2) = (1). Clear.

(1) = (3). Since G is strongly Gorenstein projective, there is an exact
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sequence of left R-modules 0 — G; — P — G1 — 0, where P is projective.
Consider the following pushout diagram:

0 0
0 G Go M 0
0 P D M 0
G G
0 0

Since G1 and Gy are strongly Gorenstein projective, so is D by (1). By
hypothesis, Exth(M, P) = 0, thus 0 - P — D — M — 0 is split, i.e.,
D = P @ M, which is strongly Gorenstein projective. By [13, Theorem 2.1],
M is strongly Gorenstein projective.

(3) = (1). Let 0 = A — B — C — 0 be an exact sequence of finitely
generated left R-modules, where A and C' are strongly Gorenstein projec-
tive, we prove that B is strongly Gorenstein projective. Since C' is strongly
Gorenstein projective, there is an exact sequence 0 — C' — P — C — 0,
where P is projective. Consider the following pullback diagram:

0 0
C=—=C
0 A D P 0
0 A B C 0
0 0

Since the sequence 0 — A — D — P — 0 is exact, where P is projective
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and A is strongly Gorenstein projective, by [13, Theorem 2.1], D is strongly
Gorenstein projective. On the other hand, for the exact sequence 0 — A —
B — C' — 0, we have the long exact sequence

Emt%(C, Q) — Ext%(B, Q) — ECL‘t}é(A, Q)

for any positive integer ¢ and any projective R-module @). Since A and C are
strongly Gorenstein projective, we have that Ext'(C, Q) = Exth(A, Q) =
0 by [2, Proposition 2.9]. Thus Ezt,(B, Q) = 0. By (3), B is strongly
Gorenstein projective. (I

Now we consider the change of rings with fs-closed.

Theorem 2.3 — Let R be a commutative ring, and let A be a Noetherian
subring of R such that R = A ® FE as A-module for some projective A-
module E, If R is fs-closed and the class of the finitely generated strongly
Gorenstein projective A-modules is closed under the direct summands, then
A is fs-closed.

PROOF : By the proof of [9, Theorem 2.4], for any finitely generated
strongly Gorenstein projective A-module M, M ® 4 R is a strongly Gorenstein
projective R-module. Let

0O0—-M — M — My —0

be an exact sequence of finitely generated left A-modules, where My and M
are strongly Gorenstein projective. We prove that M is a strongly Goren-
stein projective A-module. We first prove that for any finitely generated
strongly Gorenstein projective R-module M, it is also a strongly Gorenstein
projective A-module. Since M is a strongly Gorenstein projective R-module,
by [2, Proposition 2.9], there is an exact sequence

O—-M-—-P—-M-—0

where P is projective R-module and Fxtr(M,Q) = 0 for any projective
R-module Q. By [10, Lemma 7.2.2],

O—M—-P—M-—0

is an exact sequence of A-modules, where P is projective A-module. By [5,
Theorem 3.2.5] and [12, Ex 9.20, P 258],
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Eats(M, R)®AR = Extp(M®AR, ROAR) = Homu(R, Extp(M, R®4R)) = 0,

since R®4 R is a projective R-module. By [5, Ex 2.1.13, P 43], R is faithfuly
flat A module since E is projectice A-module. Thus Exta(M, R) = 0. Since
Exta(M, A) is the direct summand of Exta(M, R), Ext4(M,A) = 0. From
[2, Proposition 2.12], M is a strongly Gorenstein projective A-module. For
R is a projective A-module, we have that

0> M @AR—->M®sR—My®4R—0

is an exact sequence of finitely generated left R-modules, where M; ® 4 R
and M ® 4 R are strongly Gorenstein projective R-modules. By hypothe-
sis, M ®4 R is a strongly Gorenstein projective R-module. By the above
discussion, M ® 4 R is also strongly Gorenstein projective A-module. Since
M is the direct summand of M ® 4 R, M is strongly Gorenstein projective
A-module. That is A is fs-closed. O

Corollary 2.4 — Let A be a commutative Noetherian ring and X an
indeterminate over A. If A[X] is fs-closed and the class of the finitely gen-
erated strongly Gorenstein projective A-modules is closed under the direct
summands, then A is fs-closed.

Corollary 2.5 — Let A be a commutative Noetherian ring and F a pro-
jective A-module. If the trivial ring extension R = A « E of A by FE is
fs-closed and the class of the finitely generated strongly Gorenstein projec-
tive A-modules is closed under direct summands, then A is fs-closed.

Proposition 2.6 — Let R be a commutative ring, and S be a multiplicative
set. If STIR is a finitely generated free R-module, R is fs-closed if and only
if STIR is fs-closed.

PROOF : =. It is clear from [13, Proposition 3.17 (2)].

<. Let 0 = A — B — C' — 0 be an exact sequence of finitely generated
R-modules, where A and C are strongly Gorenstein projective, we prove that
B is a strongly Gorenstein projective R-module. At first, since every strongly
Gorenstein projective module is Gorenstein projective, by [8, Proposition
2.5], B is Gorenstein projective. Thus Ext(B, Q) = 0 for any projective
R-module @ by [8, Proposition 2.3]. Since S™!R is a finitely generated
projective R-module,

0—>A®rS'R->B®rS'R—>C®rS'R—0
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is an exact sequence of S~™!R-modules. By [13, Proposition 3.17 (1)], A ®g
S™IR and C ®r S™'R are strongly Gorenstein projective S~!R-modules.
By hypothesis, B ®z S™!'R is strongly Gorenstein projective S~!'R-module.
Thus there is an exact sequence of the form:

0>B®rS'R—P—->B®rS'R—0,

where P is a projective S~'R-module. By [12, Lemma 3.75], P = S~!P =
P®r S7'R. Since S™!'R is faithfully flat by [5, Lemma 2.1.13], 0 — B —
P — B — 0 is exact as R-modules, where P is a projective R-module. By
[2, Proposition 2.9], B is a strongly Gorenstein projective R-module. O

Proposition 2.7 — Let R be a commutative local Noetherian ring, and
I C J(R) be an ideal. If I-adic completion R is fs-closed, then R is fs-closed.

PrROOF : Let 0 = A — B — C — 0 be an exact sequence of finitely
generated R-modules, where A and C are strongly Gorenstein projective.
By [5, Theorem 2.5.11], 0 — A — B — C — 0 is an exact sequence of
R-modules. By [13, Proposition 3.1 (1)], A and C are strongly Gorenstein
projective R-modules. By hypothesis, Bis a strongly Gorenstein projec-
tive R-module. From [13, Proposition 3.1 (1)], B is a strongly Gorenstein
projective R-module.

Ezample 2.8 : (1) Since a strongly Gorenstein projective R-module is
Gorenstein projective, by [8, Theorem 2.27|, a strongly Gorenstein projec-
tive R-module is projective if and only if it has finite projective dimension.
Thus, over any ring R with [D(R) < oo, where [D(R) means the left global
dimension of R, the class of the strongly Gorenstein projective R-modules
is closed under extensions.

(2) Recall that a ring R is called an (n, d)-ring if every R-module having
a finite n-presentation has projective dimension at most d. If R is an (n, d)-
ring, then the class of the finitely generated strongly Gorenstein projective
R-modules is closed under extensions.

(3) For any principal ideal domain A, and every nonzero prime ideal 9t
of A, set R = A/9M?. The class of the finitely generated strongly Gorenstein
projective R-modules is closed under extensions and direct summands, since
every R-module is the strongly Gorenstein projective. In particular, Z/47Z
is the case, moreover, the global dimension of it is infinite.
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3. K¢y GROUPS

Definition 3.1 — Let P be a subcategory of M(R), which is closed un-
der extensions, i.e., if 0 - P, - P — P, — 0 is an exact sequence in
M(R) and Py, P, € P, then P € P, and let Py = {< M > | < M >
is the isomorphism class of M € P}. We define Ky(P) to the free abelian
group on Py modulo the following relations:

(1) [P]=[P]if < P >=< P' > in Py;
Lemma 3.2 — Let R be a left Noetherian fs-closed ring. Then

(1) if 0 - My — My — @ — 0 is an exact sequence in M(R) with
Q € SGP(R), then M; € SGP(R) if and only if My € SGP(R);

(2)if 0 - My — Q@ — My — 0 is an exact sequence in M(R) with
Q € SGP(R), then M; € SGP(R) if and only if My € SGP(R);

(3)if 0 - @ — My — My — 0 is an exact sequence in M(R) with
Q € SGP(R), then M; € SGP(R) if and only if My € SGP(R).

PrROOF : (1) <« . Suppose My € SGP(R). Then there is an exact
sequence in M(R)

0—=Qmn—"—Q1—Qo— M —0

with each @Q; € SGP(R) (0 < i < m). Let K = Ker(Qo — Ms). Then
K € SGP(R). Consider the pullback of My — My and Qg — Ma:

0 0

K——K
0 Tp Qo Q 0
0 My Mo Q 0
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Since R is left Noetherian fs-closed, Tp € SGP(R). S0 0 — Qp — -+ —
Q1 — To — M; — 0 is an exact sequence in M(R) with each @Q; €
SGP(R) (0 <i<m). Thus M; € SGP(R).

= . Suppose M; € SGP(R). Then there are exact sequences in M(R)
0—-Qp— - —0Q1 —>Q— M —0and 0 - Q — P — @ — 0 with
each Q; € SGP(R) (0 < i < m) and P being finitely generated projective.
Consider the following commutative diagram with all rows and all columns
being exact

0 Q1 Q&P ——=P—>0

0 Qo Q@®P—P——=0

0 My Mo Q 0
0 0 0

From the top row, K,, € SGP(R). Then the middle column gives that
M € SGP(R).

2) < . Suppose My € SGP(R). Then there is an exact sequence in
M(R): 0 = K — Qo — My — 0 with Qo € SGP(R) and K € SGP(R).
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Consider the pullback of ) — My and Qg — Mos:

0 0
K=——=K
0 My T Qo 0
0 M, Q M, 0
0 0

From the middle column, by (1), T' € SGP(R). The middle row gives
that M; € SGP(R) by (1) again.

= . Clear.

(3) < . Suppose My € SGP(R). Then there is an exact sequence in
M(R): 0 — M} — Q2 — My — 0 with Q2 € SGP(R) and M} € SGP(R).
Consider the pullback of M7 — Ms and Qs — Ms:

Since @, Q2 € SGP(R), T € SGP(R) by the middle row. Then the middle
column gives that M; € SGP(R).

= . Suppose M; € SGP(R). Then there is an exact sequence in M(R):
0 — M; — Q1 — M; — 0 with Q1 € SGP(R) and M] € SGP(R). Consider
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the pullback of Q — M7 and Q1 — M;:

0 0
M} —— ]
0 T Q1 Mo 0
0 Q M, M, 0
0 0

From the first column, by (1), T' € SGP(R). Using the result of (2) to the
middle row, we have My € SGP(R). O

Theorem 3.3 — Let R be a left Noetherian fs-closed ring, and let 0 —
My — My — M3 — 0 be an exact sequence with M3z € SGP(R). Then
M, € SGP(R) if and only if My € SGP(R).

PROOF : = . Suppose M; € SGP(R). Then there is an exact sequence
in M:

0—=Qm—-—Q1—Q— M —0
with each @Q; € SGP(R) (0 <i <m). Pick an exact sequence
0—-K,—-Pp, 1— - —P—F—M;3—0

where Py, ..., Py,_1 are finitely generated projective. By Lemma 3.2 (2),
we know that K,, € SGP(R) as M3 € SGP(R). Therefore, we have the
following commutative diagram with all rows and all columns be exact:
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0 0 0
0 Qm T Ko, 0
0—=CQm-1—>Qm-10 Pp_1 P 0
0 Q1 e P Py 0
0 Qo Qo & P Py 0
0 My My Ms 0.
0 0 0

From the top row, by Lemma 3.2 (3), T,, € SGP(R). So the middle
column gives that My € SGP(R).

<« . Suppose My € SGP(R). Since M3 € SGP(R), there is an exact
sequence in M(R): 0 — M; — Q — Mz — 0 with Q@ € SGP(R) and
M} € SGP(R). Consider the pullback of My — Mj and Q — Ms:

0 0
Mj—— M
0— M, T Q 0
0——> My —> My —> My —0
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By the middle column and the direction =, we have ' € SGP(R). Using
Lemma 3.2 (1) to the middle row, we obtain that M; € SGP(R). O

Lemma 3.4 — Let R be a left Noetherian fs-closed ring. Let M’ — M
be a morphism in SGP(R) and

0—-G,—Gp1— - —Gy—M-—0

be a strongly Gorenstein projective resolution of M. Then one can complete
these to a commutative diagram:

0 e G;H-l G e G6 Sy 0
\L ian \LOZO la
0 .. 0 G, .. Go € M 0
in SGP(R).

PROOF : Since Gg — M is epic, (¢, —a) : Go @& M' — M is an
epimorphism, and 0 — Ker(e, —a) — Go® M’ — M — 0 is exact. Since R
is fs-closed, Go ® M’ € SGP(R). Ker(e, —a) € SGP(R), by Theorem 3.3,
since R is a left Noetherian fs-closed ring. Since M’ € SGP(R), there is an
R-module G, € SGP(R) and an epimorphism € : G, — M’. It is easy to see
that Ker(e, —a) is the pullback of € and «. Thus there is an epimorphism
Gj — Ker(s, —a). We get a commutative diagram:

Go

Suppose j > 1 and aj has been constructed for 0 < k < j.

/
dj—l

\LajllKerdg.l \Lajl lao l/a
dj—l

04>K6’I“dj,1 4>Gj_1 G() = M 0.
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It is easy to check that Kerd;—; € SGP(R) and Kerd;_; € SGP(R) by
the induction and Theorem 3.3. Now we repeat the above construction to
fill in the commutative diagram:

G;. - Kerd;-_l

o

Gj —_— Kerdj_l.

We can complete the diagram since Kerd], € SGP(R). O
Lemma 3.5 — Let R be a left Noetherian fs-closed ring. If
0—-M,—-M, 14— ---— M — My—0

is exact, where M; € SGP(R)(SGP(R)) for all i, then Z;‘:O(—l)j [M;] =0
in Ko(SGP(R)) (Ko(SGP(R))).

Proor : If n =1, 0 — M; — My — 0 is exact, then M7 = My. So
[Mi] = [Mp]. If n =2,0 — My — M; — My — 0is exact. By Definition 3.1,
[M1] = [Ms] + [Mp]. So [Ma] — [M1]+ [My] = 0. Now assume that n > 3, and
by induction on n the lemma is true for exact sequence of shorter length.
The kernel K of M; — My lies in SGP(R) (SGP(R) by Theorem 3.3).
So we can split the given exact sequence into two shorter exact sequences
0— K — M; — My — 0 and

0—- M, —--— M —K—0

By the above discussion [K|+[My] = [M;] and [K]—FZ?’:Q(—l)j_l[Mj] =
0. Thus Y775 _o(—1)7[M;] = 0. O

Proposition 3.6 — Let R be a left Noetherian fs-closed ring. If M €
SGP(R) and G — M and G’ — M are two different finite strongly Goren-
stein projective resolution, then Zj(—l)j G,] = Zj(—l)j [G%] in Ko(SGP(R)).

PROOF : Apply Lemma 3.4 to complete the diagram:

1"

0 Gl Go . M 0,

l(an, ) J{(aov ap) lA

0—G,®G, ——G &G —MadM—0
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where G” is only a chain complex that is acyclic except at G!'. By the long
exact sequence we have that the mapping cones of & and o/ are exact. Thus
by Lemma 3.5, Zj(—l)i[Gj] - Zj(—l)j[G;’} = 0. By‘the same discugsion
> (1G] = 52;(=1)[G]] = 0. Therefore, > ,(-1)/[G;] = 32, (=1)’[G]]
in Ko(SGP(R)). O

Theorem 3.7 — Let R be a left Noetherian fs-closed ring. Then

Ko(SGP(R)) = Ko(SGP(R)).

PROOF : Define ¢ : Ko(SGP(R)) — Ko(SGP(R)) by [M]sgp(R) —
[M]szp(y, and v Ko(SGP(R) — Ko(SGP(R)) by Mgz~ (-1
[Gjlsgp(R). It is easy to check that ¢ and ) are group-isomorphisms and
that oy = 1KO(W(R)) and Yy = 1 (sgp(r)) by the above results. g

Remark 3.8 : The class of the finitely generated Gorenstein projective
modules is denoted GP(R) and the class of finite generated R-modules
with finite Gorenstein projective resolutions is denoted GP(R). Let R be
a Noetherian ring. Since the class of all Gorenstein projective R-modules is
projectively resolving [8, Theorem 2.5], using the analogous method, we can
prove that Ko(GP(R)) = Ko(GP(R)). It is clear that we have the following

inclusion relations:

P(R) CSGP(R) C GP(R) C M(R),P(R) C SGP(R) C GP(R) C M(R).
If R is regular (left Noetherian and Ipdr M < oo for any finite generated
R-module M), we have that

P(R) = SGP(R) = GP(R).

Therefore, Ko(P(R)) & Ko(P(R)) = Ko(SGP(R)) =& Ko(SGP(R)) =

Ko(GP(R)) = Ko(GP(R)).
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